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ABSTRACT: Let S be a finitely generated standard multigraded algebra over an 
Artinian local ring A; M a finitely generated multigraded S-module. This paper 
answers to the question when mixed multiplicities of M axe positive and characterizes 
them in terms of lengths of A-modules. As an application, we get interesting results 
_^ ' on mixed multiplicities of ideals, and recover some early results in [Te] and [TV]. 

1. Introduction 

Throughout this paper, let (A, m) denote an Artinian local ring with maximal ideal 
m, infinite residue field k = A/m; S = @ ni nd >o ^(m,...,^) (d > 0) a finitely gen- 
erated standard <i-graded algebra over A (i.e., S is generated over A by elements of 
total degree 1); M = @ n n >0 M( ni) ... )nd ) a finitely generated <i-graded S'-module. 
Set 

a:b- =Un>o(^^ n ); 

& = 0«>O^(n,-,n)i S+ — ©n>0 ^(n,...,n)] 

= ©niH hn d >0 S(ni,...,n d )] ^ii = 0ni,..,n li >O%i.-,n < i)i 

^ ■ S{ — 5'(o,... N ^l^,...,0) v : ' — 1) • • • ) 

M A = © n > M (flj ..., n) ; £ = dimM A . 

Denote by Proj the set of the homogeneous prime ideals of S which do not contain 
S ++ . Set 

Supp ++ M = {Pe Proj S\M P ^ 0}. 

By [HHRT, Theorem 4.1] and Remark 3.1, dimSupp ++ M = I — 1 and ^[-^(m .,n d 
is a polynomial of degree £ — 1 for all large ni, . . . , rid (see Remark 3.1, Section 3). 
i 
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The terms of total degree i — 1 in this polynomial have the form 



fci 



E 

■ + k d 



n 



fei 



e(M; fc!,...,^)^- 



• k n 



Then e(M; fci, . . . , kd) are non-negative integers not all zero, called the mixed mul- 
tiplicity of type (ki, . . . , kd) of M [HHRT]. 

In the case that (R, n) is a Noetherian local ring with maximal ideal n, J is an 
n-primary ideal, I 1: . . . , I s are ideals of R. Then 



= e 

n,ni,...,n s >0 



jnjn 



, jn s 



Jn+ljn 



Jn 3 

s 



is a finitely generated standard multigraded algebra over Artinian local ring R/J. 
Mixed multiplicities of T are called mixed multiplicities of ideals J, I±, . . . , I s (see 
[Ve] or [HHRT]). 

The theory mixed multiplicities of n-primary ideals was introduced by Risler and 
Teissier in 1973 [Te], by Rees in 1984 [Re]. In past years, the positivity and the 
relationship between mixed multiplicities and Hilbert-Samuel multiplicity of ideals 
have attracted much attention (see e.g. [Sw], [Ro], [KR1, KR2], [KV], [Vi], [Trl], 
[Tr2], [MV], [TV]). 

We turn now to the positivity of mixed multiplicities of a multigraded module. 
In the geometric context, this problem was introduced by Kleiman and Thorup in 
1996 [KT]. In the algebraic setting, it was investigated by Trung in 2001 [Tr2] in 
the case of a bigraded ring. 



Under a totally algebraic point of view, this paper answers to the question when 
mixed multiplicities of multigraded modules are positive and characterizes these 
mixed multiplicities in terms of lengths of modules. Our approach is based on the 
properties of filter-regular sequences. The notion of filter-regular sequences was 
introduced by Stuckrad and Vogel in their book [SV]. The theory of filter- regular 
sequences became an important tool to study some classes of singular rings and has 
been continually developed (see e.g. [Trl], [BS], [Hy],[Tr2]). As one might expect, 
we obtain the following result. 
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Main theorem (Theorem 3.4). Let S be a finitely generated standard d-graded 
algebra over an Artinian local ring A and M a finitely generated d-graded S-module 
such that <S'(i ) i j ... ) i) is not contained in y/Ann s M. Set £ = dimM A . Then the follow- 
ing statements hold. 

(i) e(M; ki, . . . , kd) 7^ if and only if there exists an S ++ -filter-regular sequence 
xi, . . . , xe-i with respect to M consisting of k\ elements of S±, . . . , kd elements 

of Sd and dimM A = I, where M = ——. 

(xi, . . . ,xe-i)M 

(ii) Suppose that e(M; k±, . . . , kd) ^ and x±, . . . , Xe-i is an S ++ -filter-regular se- 
quence with respect to M consisting of k\ elements of S 1 , . . . , kd elements of 

Sd- Set M = — — and r = r(S+; M A ) the reduction number of S+ 

[xi, . . . , xe-i)M 



with respect to M A . Then e(M; k± , . . . , kd) — I a 



(0_A : S+°°) n 



for all n > r. 



As interesting consequences of main result, we get results on mixed multiplicities 
of ideals (Proposition 4.4 and Theorem 4.5), and recover the results of Risler and 
Teissier [Te](see Remark 4.8), Trung and Verma [TV] (see Remark 4.6). 

2. On Filter-Regular Sequences 

Recently, filter-regular sequences have been used to investigate mixed multiplici- 
ties and joint reduction numbers in bigraded rings (see e.g. [Hy], [Tr2]). This section 
gives some properties of filter-regular sequences in multigraded modules. 

Definition 2.1. Let S = ® m n > ( S'(ni,...,n d ) be a finitely generated standard d- 
graded algebra over an Artinian local ring A; M = ® ni nd>0 M( niv .. ;nd ) a finitely 
generated d-graded S-module such that SV^...^) is not contained in ^AnnjM. A 
homogeneous element x e S is called an S ++ - filter-regular element with respect to 
M if x P for any P G Ass^M and P does not contain S ++ . That means 

X T Us ++ £P, PeAss s M P- 

Let xi, . . . , x t be homogeneous elements in S. We call that x±, . . . , x t is an S '^-filter- 
regular sequence with respect to M if X{ is an S ++ -filter-regular element with respect 
M 

(xi, . . . ,Xi-i)M 
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Now, we briefly give some comments on filter-regular sequences of a finitely gen- 
erated multigraded module. 

Note: Since Ass s [M/(0 M : S? + )] = {P G Ass 5 M | S ++ £ P}, it follows that 
a homogeneous element x G S is an S' ++ -filter-regular element if and only if x is 
non-zero-divisor in M/(0 M '■ Moreover, we have the following notes. 

(i) It is easy to see that a homogeneous element x G S is an S^-filter-regular 
element with respect to M if and only if Om '■ x C Om '■ 5++- 

(ii) If 5(i,i,...,i) C v^Ann^M then Om : S+ + = M. Hence for any homogeneous ele- 
ment x G S, we always have Om : x C Om : This only obstructs and does 
not carry usefulness. That is why in Definition 2.1, one has to exclude the case 
that 5(1,1,...,!) C VAnn^M. 

(iii) An S' ++ -filter-regular sequence x 1 , . . . , x t with respect to M is a maximal S ++ - 
filter-regular sequence if 

5(i,i,...,i) £ V / Ann s [M/{x 1 ,...,x t „ 1 )M] 

and 5(i,i,...,i) C y /Aims[M/{x 1 ,...,Xt)M]. 

Let m = (mi, . . . , m d ), n = (n 1: . . . , n d ) G 7L d . We recall that m < n if < n,- L 
for alH = 1, . . . , d. 

Lemma 2.2. Let N be an d-graded S-submodule of M . Then there exist posi- 
tive integers u ± , . . . ,u d such that iV (ni ,..., nd ) = S (ni ^ uu ..., nd _ Ud) N (uu _ :Ud) for all m > 
u 1 ,...,n d > u d . 

Proof. Since M is a finitely generated 5-module and S is a Noetherian ring, N 
is also a finitely generated 5-module. It implies that there exist positive integers 
ui, . . . , u d such that N is generated by \Jv 1 <u u ...,v d <u d N (v u ...,v d )- Set u = (u u ...,u d ), 
v = (v ± , . . .,v d ), n =(ni, . . .,n d ). We have 

v<u 

for all n > u. Since S is a finitely generated standard (i-graded ring, S m S n — 5 m + n 
for all m, n. It follows that S n - V N V = S n - u (S u - v N v ) C S n - U N U for all v < u. 
Hence N n C S n - U N U for all n > u. So N n = S n ^ u N u for all n > u. ■ 
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Remark 2.3. Since M is Noetherian, there exists a positive integer n such that 
Om : S+ + = Om '■ 5'++- By Lemma 2.2, there exist positive integers u±, . . . , u d such 
that 

[Om '■ S++](ni,...,n d ) = 5 , (ni-«i,...,n d -« d )[0M '■ S™ + ] (ui,...,u d ) 

for all rii > ui, . . . ,n d > Ud- This fact follows that [Om : 5'+ + ](ni,...,n d ) = for all 
ni >n + ui,...,n d >n + u d . Hence (0 M : 5'+ + )(n 1 ,...,n d ) = for all large ni,...,n d . 

The following characteristic of filter-regular sequences will often be used. 

Proposition 2.4. Let x G S be a homogeneous element. Then x is an S ++ - 
filter-regular element with respect to M if and only if (Om : ^)(m,...,n d ) = for all 
large ni,...,n d - 

Proof. Suppose that x is an S' ++ -filter-regular element with respect to M. Then 
Om : x C M : S++ by Note (i). By Remark 2.3, 

(Om : £)(m,...,n d ) ^ (°m : 5'+ + )(n 1 ,...,n d ) = 

for all large ni, . . . , n d . Now assume that (Om : x )(ni,...,n d ) — for all large ni, . . . , n d . 
It is enough to prove that (Om : x )(vi,...,v d ) Q Om : S+ + for all v±, . . . ,v d . Indeed, if 
a G (0 M : x )(vi,...,v d ) then xS {nu „^ nd) a = for every m, ...,n d . Hence 

S(n 1 ,...,n d )0> Q (Om : x )(n 1 +v 1 ,...,n d +v d ) = 

for large ni, . . . , n d . It implies that a G Om : 5*++ for all large n. Hence a G Om : 5++- 
So (Om : x )(vi,...,v d ) Q Om : S++ for all v±, . . . ,v d . Hence x is an S+ + -firter-regular 
element with respect to M. ■ 

Remark 2.5. Suppose that x G S( ai ,...,a d ) is an S' ++ -filter-regular element with 
respect to M. Consider 

\ x . M^ ni _ ai ^ nd _ ad ^ > xM^ ni _ ai ^ ... t n d —a d ) ■> V 1 * xy. 
It is clear that \ x is surjective and Ker\ x = (Om : a; )(m-oi,...,n (i -o d )- Since x is an 
S' ++ -filter- regular element with respect to M, Ker\ x = for all large ni, . . . ,n d by 
Proposition 2.4. Therefore, xM (ni _ aii ... )nd _ ad) = M (ni _ aii ... )nd _ ad) and 

Z A [(M/a:M) (ni) ... )n<j) ] = U M (m,...,n d )] - ^[^M (ni _ aij ... ind _ ad) ] 

= l A [M( nu ..., nd) ] - l A [M( ni _ ai! _ jnd _ ad )] 

for all large rii, . . . , n d . 
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Next, we show that the existence of filter-regular sequences is universal. 

Proposition 2.6. Assume that £(1,1,.. is not contained in y/AnnsM. Then for 
each i = l,...,d, there exists an S ++ -filter-regular element x e Si with respect to 
M. 

Proof. Set M* = M/(0 M : S™ + ). Note that 

Ass 5 M* = {Pe Ass 5 M \S 1 ---S d = S ( i,i,...,i) £ P}, 

Si P e AsssM* for alH = 1, . . . , d. Since k is an infinite field and Ass^M* is 
finite. Hence for each i — 1, . . . , d, there exists x G Si \ UpgAss s m* P- ® n ^ e other 
hand S^i,!,...,!) ^ VAnn^M, x is an S' ++ -filter-regular element with respect to MM 

Suppose that £(i,i,...,i) is not contained in ^Ann^M. Then £(«,.. ., U )M ^ for all 
u > 0. Hence for any u > 0, there exist mi, ... , m d such that £( u ,..., u )M( mi ,..., md ) ^ 0. 
Since £( u ,..., u )M (mi! ... >md) Q ^(mi+«,...,m d + u ), ^(mi+ u ,...,m d +«) 7^ 0. So for any « > 0, 
there exist ni, . . . ,n d > u such that M( ni) _ ;nd ) 7^ 0. Now, assume that for each 
u > 0, there exist rii,...,rid > u such that M( nij „ d ) 7^ 0. We will show that 
£(1,1, ^ VAnn^M. Indeed, if £(1,1,. ..,1) C -^/Ann^M then £( n ,..., n )M = for some 
n. By Lemma 2.2, there exist positive integers ui, . . . ,Ud such that 

^(ni,...,n d ) — £(m-ui,...,n d — Ud)M(ui,...,u d ) 

for all ni > ui, . . . , rid > ^d- Hence 

-^(ni,...,n d ) — £(ni— n— ^,...,n d -n-« d )£(n,...,n)-^(ui,...,u d ) — 

for all nx > n + Ui, . . . , rid > n + w^. This contracdicts the hypothesis. So 
£(1,1,. ..,1) ^ VAnn^M. From these facts, we get the following proposition. 

Proposition 2.7. Let S be a finitely generated standard d-graded algebra over an 
Artinian local ring A; M a finitely generated d-graded S -module. Then the following 
conditions are equivalent: 

(i) £(1,1,. ..,1) is contained in v^Ann^M. 

(ii) M (ni) ... )nd ) = for all large m,...,n d . 

Let S = 0„ >o S n be a finitely generated standard graded algebra over an Artinian 
local ring A and J a homogeneous ideal of S is generated by elements of degree 1. 
Let M = (& n>0 M n be a finitely generated graded S'-module. Set S + = © n>0 S n . 
We call J a reduction of S + with respect to M if ( JM) n = M n for all large n. The 
least integer n such that (JM) n+1 = M n+1 is called the reduction number of S + with 
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respect to J and M [NR]. We denote this integer by rj(S + ; M). A reduction J of S + 
with respect to M is called a minimal reduction if it does not properly contain any 
other reduction of S + with respect to M. The reduction number of S + with respect 
to M is defined by 

r(S + ; M) = mm{rj(S + ; M)\J is a minimal reduction of S + with respect to M}. 

The following lemma will determine the relationship between filter-regular se- 
quences and minimal reductions in graded rings and modules. 

Lemma 2.8 (see [Trl]). Let S = ® n>0 S n be a finitely generated standard graded 
algebra over an Artinian local ring A; M = ® n>0 M n a finitely generated graded S- 
module such that Si is not contained in ^Ann^M. Set £ = dimM. Assume that J 
is a minimal reduction of S + with respect to M. Then J is generated by an S + -filter- 
regular sequence with respect to M consisting of£ homogeneous elements of degree 1. 

Denote by r(S + ; M) the reduction number of S + with respect to M. The fol- 
lowing lemma makes up an important role in establishing the relationship between 
mixed multiplicities of multigraded modules and the length of modules. 

Lemma 2.9. Let S = ® n>0 S n be a finitely generated standard graded algebra over 

an Artinian local ring A; M = ® n>0 M n a finitely generated graded S -module such 

that Si is not contained in VAnn^M. Assume that dimM = 1. Set r = r(S + ; M) 
M 

and M* = — . Then 

Om '■ ^4° 

(i) l A {M*) = l A {M;) for alln>r. 

(ii) l A (M n ) = l A (M*) for all large n. 

Proof. Since 

= l A (M n ) - l A [(0 M : S?) n ] 

and (Om '■ S°^) n = for all large n by Remark 2.3, l A (M*) = l A (M n ) for all large n. 

The proof of (i): Since dimM = 1, by Lemma 2.8, there exists an ^-filter- 
regular element x G Si with respect to M such that xS is a minimal reduction of 
S + with respect to M and r = r xS (S + ;M). It is clear that M* = x n ~ r M; for all 
n > r. Therefore, 

l A (M*) = l A {x n - r M* r ) 



Mr, 



(Om : S% 
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for all n > r. Since x is an ^-filter-regular element, x is non-zero-divisor in M*. It 
follows that x n ~ r M; = M* r . Hence 

Z A (M*) = l A {x n - r M;) = l A (M* r ) 

for all n > r. 

The proof of (ii): Since l A (M*) = l A (M n ) for all large n and by (i), we immedi- 
ately obtain l A (M n ) = l A (M*) for all large n. ■ 

3. Mixed Multiplicities of Multigraded Modules 

Basing on the properties of filter- regular sequences (Section 2), this section an- 
swers to the question when mixed multiplicities of multigraded modules are positive 
and characterizes them in terms of lengths of modules. 

Recall that a polynomial P(rii, . . . ,n d ) is called the Hilbert polynomial of the 
function Ij^M^,...,^)] if P ( n ^ ■■■, n d) = M M (m,-,n d )] for all large n u ...,n d . 

Remark 3.1. Set £ = dimM A . Denote by P(n\, . . . , rid) the Hilbert polynomial of 

U[M {nu ,„ tnd )]. 

Assume that £ > 0. By [HHRT, Theorem 4.1], degP(rii, . . . , rid) — dimSupp ++ M 
and all coefficients of monomials of highest degree in P(rii, . . . , rid) are non- negative 
integers not all zero (see [Ba]). So degP(ni, . . . , rid) = deg P(n, . . . , n). Since 

P(n,...,n) = l A [M (n _ n) ] = l A (M^) 

for all large n, 

deg P(n, . . . ,n) = dimM A - 1 = £ - 1. 
Hence deg P(rii, . . . , rid) — dim Supp ++ M = £ — 1. 

Remark 3.2. dimM A = £ > if and only if 5(1,1,...,!) ^ ^/knn s M. Indeed, 
dimM A = is equivalent to [M A ]„ = for all large n. The latter means the same 
as M( n ,..., n ) = for all large n, but it is easily seen to be equivalent to M( ni ,..., nd ) = 
for all large ni, . . . ,n d - Hence dimM A = if and only if 5(1,1,. ..,i) Q VAnn^M by 
Proposition 2.7. 

Denote by L(M) the set of the lengths of maximal S' ++ -filter-regular sequences 
in Uj=i Sj with respect to M. Then we have the following proposition. 
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Proposition 3.3. Let S be a finitely generated standard d-graded algebra over 
an Artinian local ring A and M a finitely generated d-graded S-module such that 
^ s n °t contained in ^Ann^M. Set £ = dimM A . Assume that 

e(M; h,...,k d )^0, 

where ki, . . . , k d are non-negative integers such that ki + • — h k d = t — 1. Then the 
following statements hold. 

(i) If ki > and x G Si is an S ++ -filter-regular element with respect to M then 

e(M; fci, ... , fed) = e(M/xM; fci, . . . , h - 1, . . . , k d ) 
and dim(M/xM) A =1-1. 

(ii) There exists an S ++ - filter-regular sequence in \J^ =1 Sj with respect to M con- 
sisting of ki elements of Si, ... ,k d elements of S d . 

(iii) maxL(M) = t. 

Proof. Denote by P(ni, . . . ,n d ) the polynomial of Zyi[M(ni,...,n d )]- Since 

5(1,1,...,!) £ y/Axm s M, 

by Remark 3.1 and Remark 3.2 we have degP = i — 1 > 0. 
The proof of (i): By Remark 2.5, 

l A [(M/xM) {ni ^ ni) ] = U M (m,...,n d )] - lA[M {ni ,..., ni -l,...,n d )\ 

for all large rii, . . . ,n d . Denote by Q(ni, . . . , n d ) the polynomial of 

l A [(M/xM) {ni _ nd) ]. 

From the above fact, we have 

Q(ni, ...,n d )= P(ni, . . . , n h . . . , n d ) - P{ni, . . . , n» - 1, . . . , n d ). 
Since e(M; ki, . . . , k d ) ^ and fcj > 0, we get degQ = degP — 1 and 

e(M; fci, . . . , fc d ) = e(M/xM; fci, . . . , h - 1, . . . , fc d ). 
By Remark 3.1, degQ = dim(M/xM) A — 1. Therefore 

dim(M/a;M) A = degQ + 1. 
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Since deg Q = deg P — 1 and deg P = £ — 1, deg Q = £ — 2. Hence 
dim(M/xM) A = degQ + 1 = {I - 2) + 1 = I - 1. 

The proof of (ii): Since SVi^.n ^ \fkxmgM \ £ > 1 by Remark 3.2. The proof 
is by induction on £. For £ = 1, the result is trivial. Assume that £ > 1. Since 

fci + h fcd = f — 1 > 0, there exists kj > 0. By Proposition 2.6, there exists an 

S' ++ -filter- regular element x\ G Sj with respect to M. By (i), 

e(M; fci, ... , = e(M/uM; fci, 1, ... , fc d ). 

Since fci + ■ • • + (fcj — 1) + • • • + k d = £ — 2, by the inductive assumption, there 
exists an S^-filter-regular sequence x-i, ■ ■ ■ , xe-i G Uj=i Sj with respect to Mjx\M 
consisting of k\ elements of Si, . . . ,(kj — 1) elements of Sj, . . . ,kd elements of Sd- 
Hence 

d 

xi, . . .,x e ~i e [J Sj 

3=1 

is an S^-filter-regular sequence with respect to M consisting of fci elements of 
Si, . . . ,kj elements of Sj, . . . , kd elements of Sd- 

The proof of (iii): We first show that max L(M) > £. By (ii), there exists an 
S' ++ -filter- regular sequence Xi, . . . ,x^-i G UjLi Sj with respect to M consisting of 
fci elements of Si, . . . , kd elements of Sd- By (i), 

e(M/(xi, a*_i)M; 0, . . . , 0) = e(M; k x , . . . , k d ) ^ 0. 

Since e(M/(xi, x t -i)M; 0, . . . , 0) ^ 0, it follows that 

dim[M/(xi,...,x,_i)M] A > 0. 

Hence by Remark 3.2, 

5(i,i,...,i) £ VAnn s [M/(xi,...,a*_i)M]. 

By Proposition 2.6, there exists an S' ++ -filter-regular element Xi G Uj=i Sj with 
respect to Mj (xi, . . . , xg_i)M. Hence Xi, . . . , x^ is an S' ++ -filter-regular sequence in 
UjLi Sj with respect to M. Since the length of this sequence is £, maxL(M) > I. 
Now, we need to show that max L(M) < £. Note that £ = degP + I. We will 
prove that maxL(M) < degP + 1 by induction on deg P. For each j = 1, . . . , d, 
suppose that xi G Sj is an S' ++ -filter-regular element with respect to M. Denote by 
Qi(rii, . . . , rid) the polynomial of Ia[(M / xiM)^ ni> ..., nd )]- By Remark 2.5, 

l A [{M/xiM) 

(ni,...,n<j 
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for all large ni, . . . , n d . Hence 

Qi(ni, ...,n d )= P(m, ...,nj,...,n d )- P(m, . . . , n,- - 1, . . . , n d ). 

This implies that degQi < degP — 1. By the inductive assumption, the length of 
any maximal S' ++ -filter-regular sequence in \\ d - =1 Sj with respect to Mjx\M is not 
greater than degQi + 1. So the length of any maximal S' ++ -filter-regular sequence 
in Uj=i Sj with respect to M is not greater than deg Q\ + 2. Hence 

maxL(M) < degQ x + 2 < (degP - 1) + 2 = degP + 1 = £. 

By the above facts, we get maxL(M) — £. M 

The following theorem will give the criteria for the positivity of mixed multiplic- 
ities and characterize them in terms of lengths of modules. 



Theorem 3.4. Let S be a finitely generated standard d-graded algebra over an Ar- 
tinian local ring A and M a finitely generated d-graded S -module such that SVi^.n 
is not contained in ^/Ann s M. Set £ = dim M A . Then the following statements hold. 

(i) e(M; ki, . . . , k d ) ^ if and only if there exists an S ++ -filter-regular sequence 
xi, . . . , xe-i with respect to M consisting of k\ elements of S±, . . . , k d elements 

of S d and dimM A = I, where M = — . 

(xi, . . . ,xe-i)M 

(ii) Suppose that e(M; k±, . . . , k d ) ^ and x±, . . . , Xe-i is an S ++ -filter-regular se- 
quence with respect to M consisting of k\ elements of S 1 , . . . ,k d elements of 

S d . Set M = — — and r = r(S+; M A ) the reduction number of S+ 

(xi, . . .,x e -i)M 



with respect to M A . Then e(M; hi, . . . , k d ) = Ia 



iAoo' 



for all n > r. 



Proof. The proof of (i): First, we prove the necessary condition. By Proposition 
3.3 (ii) , there exists an S' ++ -filter-regular sequence xi,...,X£-i with respect to M 
consisting of k\ elements of S\, . . . , k d elements of S d . Applying Proposition 3.3(i), 
by induction on £ we have dimM —£—{£— 1) = 1. Hence we obtain the necessary 
condition. 

We turn to the proof of sufficient condition. The proof is by induction on £ > 1. 
Denote by P(n\, . . . , n d ) the polynomial of ^A[-W(m,...,n d )]- Note that by Remark 3.1, 
degP = £ — 1. For £ = 1, we have degP = 0. So P(ni, . . . ,n d ) is a constant not 
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zero. Hence 

e(M; h,...,k d ) =e(M;0,...,0) = P(m, . . . ,n d ) ^ 0. 

If £ > 1, since £4 + • • • + kd = £ — 1 > 0, there exists 1 < % < d such that ki > 0. And 
without loss of general, we may assume that X\ G S^. Set A" = Mjx\M. Denote by 
Q(ni, . . . ,n d ) the polynomial of ^[Af( nij ... jTld )]. By the proof of Proposition 3.3(i), 
we have 

Q(n u ...,n d )= P(m, . . . , Wi, . . . , n d ) - P(m, . . . , - 1, . . . , n d ). 

This implies that deg Q < degP — 1 = £ — 2. Since dimM A = 1, it follows that 
^ a/ Ann^M by Remark 3.2. By Proposition 2.6, there exists an S' ++ -filter- 
regular element xi in Uj=i with respect to M. By Proposition 3.3(iii), x±, . . . , xt 
is a maximal S' ++ -filter-regular sequence in UjLi &j with respect to M. It is clear 
that X2, ■ ■ ■ ,xg is a maximal S' ++ -filter-regular sequence in U*=i with respect to 
N. Denote by L(N) the set of the lengths of maximal 5' ++ -filter-regular sequences 
in Uj=i Sj with respect to N. We immediately get maxL(A^) > £ — 1. By Remark 
3.1 and Proposition 3.3(iii), max L(N) = dimN A = degQ + 1. Hence degQ > 1-1. 
By the above facts, we get deg Q = £ — 2 = deg P — 1. From this equality and 

Q(n 1: ...,n d )= P(m, . . . , rti, . . . , n d ) - P(n 1: . . . , m - 1, . . . , n d ), 

we have 

e(M; fci, . . . , fc d ) = e(JV; fci, . . . , h - 1, . . . , k d ). 

It is a plain fact that X2, ■ ■ ■ , 2^-1 is an S' ++ -filter-regular sequence of the length £ — 2 
with respect to A" consisting of k\ elements of <Si, . . . , ki — 1 elements of 3$, . . . , k d 
elements of S d . Set A" = N/ (X2, • • • , xe-i)N. It can be verified that M = N. Hence 

dimiV A = dimM A = I. 

Applying the inductive assumption for N, we have e(N; ki, . . . , ki — 1, . . . , k d ) ^ 0. 
Soe(M; k u ...,k d ) ^0. 

The proof of (ii): Applying Proposition 3.3(i), by induction on £ we get 
0^e(M; k u ...,k d ) = e(M;0,...,0) 

and dim M A = £—(£—1) = I. By Remark 3.1, Li[-^(ni,...,n d )] is a polynomial of degree 
for all large ni, . . . , n d . Hence e(M; 0, . . . , 0) = ^[-^(m,...,^)] for all large ni, . . . ,n d . 
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By taking n\ 



n d = n, where n is a sufficiently large positive integer, we 



have e(M; 0, . . . , 0) = lA[M( n ,..., n )\ — Ia[M h } for all large n. Consequently, 



■a. 



e(M; ki,...,k d ) = e(M;0,...,0)=l A [M n 

rA 



for all large n. By Lemma 2.9, Ia[M^] = Ia 



M, 



(0^ : S^) r 



for all large n and 



M 



A 



( M A : S +°°)r 



( M A : 



for all n > r. Hence e(M; ki, . . . ,k d ) = I a 



M 



A 



for all n > r. 



From the proofs of Proposition 3.3 and Theorem 3.4. we immediately give the 
follwing result. 

Corollary 3.5. Let S be a finitely generated standard d- graded algebra over an Ar- 
tinian local ring A and M a finitely generated d-graded S -module such that SV^.n 
is not contained in y/ Axing M. Set £ = dimM A . Then the following statements hold. 

(i) Ife(M; k±, . . . , kj) ^ then for any S ++ -filter-regular sequence x±, . . . , x n with 
respect to M consisting of mi < k\ elements ofSi,...,m d < k d elements 
of S d we have dimM = £ — n and e(M; k\ — m 1 , . . . , k d — m d ) ^ 0, where 

TT M 

M = — . 

(xi, . . .,x n )M 

(ii) If there exists an S ++ -filter-regular sequence X\, . . . ,x n with respect to M con- 
sisting of mi < ki elements of'Si,...,m d < k d elements of S d such that 

dim M A = £— n and e(M; k\—mi, . . . , k d —m d ) ^ 0, where M = — — , 

(xi,...,x n )M 

then e(M;ki,...,k d ) ^0. 

(iii) Suppose that e(M; ki, . . . , k d ) ^ and Xi, . . . ,x n is an S ++ -filter-regular se- 
quence with respect to M consisting of mi < ki elements of Si, . . . ,m d < k d 
elements of S d . Then e(M;ki, . . . ,k d ) = e(M; ki — mi, . . . , k d — m d ) and 

dim M A = £ — n, where M = — — . 

(xi, . . .,x n )M 
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Example 3.6: Let (R, n) be a Noetherian local ring with maximal ideal n, and an 
ideal n-primary J. Set B = Rj J, B is an Artinian local ring. Let 

S = B [Xi, X 2 , . . . , X t ] 

be the ring of polynomials in t indeterminates Xi, X2, ■ ■ ■ , X t with coefficients in 
B. Then dimS* = t and S is a finitely generated standard graded algebra over B. 
Since Xi, X 2 , . . . , X t is a regular sequence, X ± , X 2 , . . . , X t is an ^-filter-regular se- 
quence. It is a plain fact that the reduction number of S+ is r = r(<S+) = and 
dim5/(Xi,X 2 , . . . ,X t -i) = 1, and S/(X 1 ,X 2 , . . . ,X t -i) = B[X t \. Hence by Theo- 
rem 3.4, e(S; t - 1) ^ and e(S; t - 1) = Z B (B) = l R (R/J). 



Example 3.7: Let be an infinite field and let x 1: x 2 , x 3 , 2/1,2/2, 2/3, ^1, -22, -23 be inde- 
terminates. Let R— k[xi, x 2 , x%, yi, y 2 , 1/3, Zi, z 2 , z 3 ] be a finitely generated standard 
3-graded algebra over k with degXi = (1, 0, 0), degt/j = (0, 1, 0), deg^j = (0, 0, = 
1,2,3. Set I = (xi,y 1 ,zi) n (x 1 ,x 2 ) H (2/1,2/2) n (z 1 ,z 2 ) and 5 = Then 5 

is a finitely generated standard 3-graded algebra over /c and dimS* = 7. Denote 
by f(ni,n 2 ,n 3 ) the polynomial such that f(n 1 ,n 2 ,n 3 ) = lk[S( ni ,n 2 ,n 3 )} for all large 
ni,n 2 ,n 3 . We have 

dim S/ S(i + ) = dim S/ 5 , ( 2 +) = dim S 1 / 5(3+) = 6 = dim 5 — 1 

and dim = 3 < dim S - 2 for all i, j = 1, 2, 3, % ^ j. Hence by [HHRT, 

+ &(,-+) 

Theorem 4.3], deg/(rii, n 2 , n 3 ) = dimS* — 3 = 7 — 3 = 4 and £ = dim 5^ = 5. For 
x G R, denote by x the image of x in S. Direct coputation shows that x 3 ,x 2 ,y 3 ,y 2 
is an S' ++ -filter-regular sequence of S consisting of 2 elements of Si and 2 elements 
of S 2 . It can be verified that 

S R R 

r^j 

(x 3 ) :S? + ~ [(x 3 ) + /] : R? + ~ (x 3 ) + (x 1 ,y 1 , z x ) n (2/1, 2/2) H z 2 ) 

R 



(x!,x 3 , 2/1, zi) n (x 3 , 2/1, 2/2) n (ar 3 , zi, z 2 ) ' 



(x 3 , x 2 ) : 5++ [(x 2 , x 3 ) + /] : (x 2 , x 3 ) + (2/1,2/2) H (z u z 2 ) 

R 

(X2, x 3 , 2/1, 2/2) n (x 2 , x 3 , z u z 2 ) ' 
S R R 



(x 3 , x 2 , 2/3) : S++ [(x 2 , x 3 , 2/3) + I] : R++ (x 2 , x 3 , 2/3, Zi, z 2 ) 
= k[x 1 ,y 1 ,y 2 ,z 3 ] 
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and 



S 



3 3 , 32,2/3,2/2) : S: 



'00 
++ 



dim 



(^3,^2,2/3,2/2). 
by Theorem 3.4 we get 

0^e(S;2,2,0) = 



A 



k[xi,yi,z 3 }. Since 



dim 



(^3,3:2,2/3,2/2) : S: 



00 

++ 



dim /c [£1,2/1, z 3 



A 



-;0,0,0) = e( 



(33,^2,2/3,2/2)' (33,32,2/3,2/2) : £ 

e(A;[xi, 2/1, zi]; 0,0,0) = 1. 



00 
++ 



0,0,0) 



By symmetry, we also have e(5';2,0, 2) = e(S; 0, 2, 2) = 1. It can be verified that 
33,^2,31 is also an S' ++ -filter-regular sequence consisting of 3 elements of Si. Since 

— — - — — — - — = 0, xz,X2,xi is a maximal S' ++ -filter-regular sequence. Hence 
{x 3 ,x 2 ,x 1 ) : 

e(S; 3, 1, 0) = e(S; 4, 0, 0) = 0. Indeed, if e(S; 3, 1, 0) ^ or e{S; 4, 0, 0) ^ then by 
Corollary 3.5, x 3 ,x 2 ,xi is not a maximal S' ++ -filter-regular sequence. By symmetry, 
we get 

e(S; 3, 1, 0) = e(S; 1, 3, 0) = e(S; 3, 0, 1) = e(S; 1, 0, 3) = e(S; 0, 3, 1) 

= e(S; 0, 1, 3) = e(S; 4, 0, 0) = e(S; 0, 4, 0) = e(S; 0, 0, 4) = 0. 

Upon simple computation, we show that x 3 , x 2 , 2/3, 23 is an S++-filter-regular se- 
quence of S consisting of 2 elements of S 1: 1 element of S 2 and 1 element of S3. 



Since 73 — = — — — - — — — 

(33,32,2/3,^3) : 
Theorem 3.4(h), 



= 0, e(S; 2, 1, 1) = 0. Indeed, if e(S; 2, 1, 1) ^ then by 



0^e(S;2,l,l) = 4 



.(33,32,2/3,^3) : #++ 



(n,...,n) 



for all large n. By symmetry, we get 

e(S;2,l,l) = e(S;l,2,l) = e(S;l,l,2) = 0. 
From the above facts, we also obtain 

e ( s ) = ^2 e(S;k 1 ,k 2 ,k 3 ) = 3 

fcl+fc2+/C3=4 

by [HHRT, Theorem 4.3]. 
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4. Applications 



This section is devoted to the discussion of applications of Section 3. We deal 
with the positivity and the relationship between mixed multiplicities of ideals and 
Hilbert-Samuel multiplicities. 

Let (R, n) be a Noetherian local ring of Krull dimension dim R = d > with 
maximal ideal n and infinite residue field k — R/n, and an n-primary ideal J, and 
Ji, . . . , I s ideals of R such that I = l\ • ■ • I s is non-nilpotent. Remember that 



jnjm . . . jn s 

jn+ljni . . . Jn 3 

n,ni,...,n s >0 

is a finitely generated standard multigraded algebra over Artinian local ring R/ J, 

and mixed multiplicities of T are mixed multiplicities of ideals J, I±, . . . , I s (see [Ve] 
or [HHRT]). By [Vi], dimT A = dimiZ/O : 7°°. Set 

dim/2/0 : I°° = q; e(T; k , h, . . . , k s ) = e(f ko+1 \lf l] , . . . , I^;R) 

(k + ki + \- k s — q — 1). Then e( J^ +1 \ if l] , . . . , R) is called the mixed 

multiplicity of ideals J, I±, . . . , I s of type (ko, k±, . . . ,k s ). 

Using different sequences, one transmuted mixed multiplicities into Hilbert-Samuel 
multiplicities, for instance: Risler and Teissier in 1973 [Te] by superficial sequences; 
Rees in 1984 [Re] by joint reductions; Viet in 2000 [Vi] by (FC)-sequences; Trung 
and Verma in 2007 [TV] by (ei, . . . , e m )-superficial sequences. 

Our approach is based on the results in Section 3. Assume that x G ij and x* is 
the image of x in T. We need to choose x satisfying the following properties: 




i): x* is an T ++ -filter-regular element of T. 



(ii): [T/x*T]^ mu ,„ :me ) 
to, TOi, . . . , m s S> 0. 



I?'(R/xR) 



,n s >0 jn+ljni ...jn s ( R / xR } 



for all 



(m,mi,...,m s ) 



Under our point of view in this paper, both conditions are necessary to express 
mixed multiplicities of ideals in terms of Hilbert-Samuel multiplicity. Now we will 
characterize these conditions by equations of ideals. 
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Remark 4.1. Let x E Ij and x* the image of x in T. It can be verified that x* is an 
T ++ -filter-regular element of T if and only if 

(jn+l/m . . . jn t +l . . . jn, . ^ Q jnjm . . . jn s = jn+ljni . . . jn. 

for all n, ni, . . . , n s >> 0, and 

m,mi,...,m a ) 

and 



Jm+1/™! . . . jm, + xjrnjrni . . . jtth-1 . . . jrn s ' 



J n I^ ■■■I^(R/xR) 

.,m,...,n.>0 jn+ljni ...Jn a ( R / xR ^ 
jmjm 1 _ _ _ jm s 

Jm+1/™1 . . . Jm 3 + ( x ) |~| Jmj^l . . . Jm. " 



jm jmi _ _ _ 



(m,mi, 



., ms) J m+i /r---^ + (^) 



Hence 



[T/x*T] { 



m,mi,...,m s ) 



e 



J n I^ ■■■I^(R/xR) 
jn+i^---I^(R/xR) 



(m,mi,..,m s ) 



• n,ni,...,ra s >0 

for all m, mi, . . . , m s ^> if and only if 

for all m, m-i, . . . , m s >> or 

(x) p| J" 1 /™ 1 • • • /™ s = a; J™/™ 1 • • • J™ 1-1 • • • /™ s (mod r^/™ 1 • • • J™ s ) 
for all m, mi, . . . , m s >> 0. Note that if 

J™/™ 1 • • -I™ s (R/xR) 



L s 



m,mi,...,m s ) — 

for all m, mi, . . . , m s ^> then 







n,ni ,...,n a >0 



Jn+ir£ l ---l2'(R/xR) 



(m,rni,...,rn 3 ) 



dim(T/x*T) A = dimR/{x) : J°°. 

Denote by J,Ii, . . . , I s the images of J, I±, . . . , I s in i?/ (x). Set dim(T/x*T) A = t. 
Then we have 

e(T/x*T; k , h, . . . , k s ) = e(J^ +1 \l? l] , I^; R/xR) 
(k + k l + --- + k s = t-l). 
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The above comments are the reason for using the following sequences. 

Definition 4.2. Let 3 be an ideal such that 3I\ ■ ■ • I s is non nilpotent. An element 
x G R is called a superficial element of (Ii, . . . , I s ) with respect to 3 = I if there 
exists i G {0, 1, . . . , s} such that x G Ii and 

(i) : PC • • • If +1 • • • IT : x) fl C • • • IT = 3/o"° " " " IT ■ ■ ■ IT M all 

n ,ni, . . . ,n s > 0. 

(ii) : (x) D I n ° ■ ■ ■ ■ ■ ■ IT = xl n ° ■■■IT-'- IT forn , m, . . . , n s > 0. 

Let x±, . . . , xt be a sequence in R. For each « = 0,1,..., t — 1, set Ri = Rj [x\, . . . , xi), 
3 = 3Ri,Ij = IjRi, Xi + \ the image of x i+ i in Ri. Then x±,...,x t is called a 
superficial sequence of (I\, . . . ,I S ) with respect to 3 if x i+ i is a superficial element 
of (7i, . . . , I s ) with respect to 3 for all i — 0, 1, . . . , t — 1. 

Remark 4.3. Assume that x G Ii and x* is the image of x in T. Then 

(i) x* is an T ++ -filter-regular element of T if and only if x satisfies the condition 
(i) of a superficial element of (I±, . . . , I s ) with respect to J. 



(ii) Trung and Verma [TV] called that x is an i-superficial element for J,Ii,...,I 

j n iT---is 

Jn+ljni+l . . . Jn s +1 

T ++ -filter- regular element in X, i.e., 



ifxeli and the image x** of x in X = © njnii ... in< > 7w+1 *+i 7^77 is an 



n s +l 
s 



/ jn+1 jni+1 _ _ _ jrii+2 _ _ _ jn s +l . \ J n J n i . . . J n s _ jn+1 _ _ _ jn;+l ... J 

VI 2 s /Ills 1 2 

for n, ni, ■ ■ ■ , n s ^ 0. And if £ 1; . . . , e m is a non- decreasing sequence of indices 
with 1 < Si < s, then a sequence xi, . . . ,x m is an {ei, . . . , e m )-superficial se- 
quence for J, Ii, . . . , I s if for % — 1, . . . , m, x^ is an ^-superficial element for 
J ,Ii, . . . , I s , where Xi, J,Ii, . . . , I s are the images of Xi, J, Ii, . . . , I s in 

R/(xi, . . .,Xi-T). 

Let x be an ^-superficial element for J, I ± , . . . , I s . We need to show that 

(jn+l/ni . . . jni+1 . . . jn 3 . ^ Q jn^m . . . jn 3 = jn+ljni . . . j 

for n, ni, . . . , n s >> 0. Indeed, since 

/ jn+ljni+l . . . jrii+2 _ _ _ jn s +l . J«J™1 . . . J™s _ jn+ljni+1 . . . ... J 

Vl_ ^ tS /Ills 1 % i 

for n, ni, . . . , n s >> 0, 

( j n+1 iT ■ ■ ■ it +1 ■ ■ ■ IT ■ x) P| J n i'T~ l ■ ■ ■ IT' 1 = J n+1 i r T ■■■!. 



n s +l 
s 
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for n, n-i, . . . , n s >> 0. Hence 

(jn+l/JU . . . J^+l . . . jn, . ^ p| J™i . . . jn. 

= [( /"+ 1 /™ 1 ■ ■ ■ /™ !+1 • • • : x) D J™/™ 1 ^ 1 ■ ■ • I^-ij p| J«+i/™i . . . /». 

for n, ni, . . . , n s ^> 0. So re satisfies the condition (i) of a superficial element of 
(Ii, . . . , I s ) with respect to J. On the other hand x satisfies also the condition (ii) 
of a superficial element of (ii, . . . ,I S ) with respect to J by [TV]. Consequently, 
a; is a superficial element of (ii, . . . , J s ) with respect to J. 

(iii) Note that since / = I\ ■ ■ ■ I s is non-nilpotent, for each i — 1, . . . , s, there exists 
an ^-superficial element for J, I 1: . . . , I s by [TV]. Hence in the case that / non 
nilpotent, the existence of superficial elements of (Ji, . . . , I s ) with respect to J 
is universal by (ii). 

By Remark 4.1 and Remark 4.3, one can replace "filter-regular elements" in 
Corollary 3.5 by "superficial elements" and get a version of Corollary 3.5 as follows: 

Proposition 4.4. Let (R, n) denote a Noetherian local ring with maximal ideal n, 
infinite residue k = R/n, and an n-primary ideal J = Iq, and Ii, . . . , l s ideals of R 
such that I — I± ■ • • I s is non nilpotent. Then the following statements hold. 

(i) If e(j' fco+1 l, l[ kl \ . . . , if 3 ^; R) 7^ then for any superficial sequence x±, . . . , x n of 
(Ji, . . . , I s ) with respect to J consisting of mo < ko elements of Iq,. . . , m s < k s 
elements of I s we have dim_R/(xi, . . . , x n ) : I°° = dim_R/0 : 1°° — n and 
e (j[fc +i- m o] ; _ _ _ ^ il^-^-^R) ^ 0, where J,h,..., I, are the images of 
J,h,--, h in R = R/(x 1 , . . .,x n ). 

(ii) If there exists a superficial sequence x±, . . . , x n of (I±, . . . , I s ) with respect to J 
consisting of m < k elements of I ,. . . , m s < k s elements of I s such that 
dim R/(x 1: ...,x n ):I°° = dim R/0 : I°° - n and 

e ( jlko+l-mo] Jf^\ . . . ; lf°- m ^-R) ^ 0, 

where J, Ii, . . . , I s are the images of J, I±, . . . , I s in R = R/(x 1 , . . . , x n ), then 
e ( j[fco+i], /pi] ,...,/]*•]; i2) ^0. 

(iii) Suppose that e( J^ +1 \ /f l] , . . . , I s ks] - R) ^ and superficial se- 
quence of(I 1 ,..., I s ) with respect to J consisting ofm Q < k elements of I ,. . . , 
m s < k s elements of I s . Denote by R = R/(x±, . . . , x n ) and J,Ii, . . . ,I S the 
images of J, ii, . . . , I s in R. Then 

e( J [ko+1] , if l] , . . . , /[*•]; R) = e(J [ko+1 ~ m °\ . . . , Jf^-R). 
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Recall that if / is non nilpotent, e( J^ +1 \ /} 0] , . . . , if; i?) = e( J; i?/0 : J°°) by 
[Vi]. By Proposition 4.4, e( J [fco+1] , if l] , . . . , ll ks] ;R) ^ if and only if there exists 
a superficial sequence xi, . . . ,x n of (7 1; . . . , I s ) with respect to 7 consisting of k\ 
elements of 7i, . . . , k s elements of 7 S such that 

dim R/fa,..., x n ) : 7°° = dim 7?/0 : I°° - n 

and e( J [feo+1] , /f 1 , . . . , 7] 01 ; 77) ^ 0, where J, Ii, . . . ,I S are the images of 7, 7 X , . . . , 7 S 
in 77 = R/(x\, . . . ,x n ). But since n < dim 77/0 : 7°°, dimi?/(xi, . . . ,x n ) : I°° > 0. 
Hence I — I\ • ■ ■ I s is non nilpotent. Thus 

e( J^ +1 \ lf\ ...Jf\R)= e(J; fl/fr, . . . , x n ) : 7°°) ^ 0. 

This fact follows that e(J^ ko+1 \ if l] , . . . , 7] M ; 77) ^ if and only if there exists 
a superficial sequence Xi, . . . ,x n of (7 1? . . . , 7 S ) with respect to 7 consisting of k\ 
elements of I\, . . . , k s elements of 7 S such that 

dim R/( Xl ,..., x n ) : 7°° = dim 77/0 : 7°° - n. 

Then as an immediate consequence of Proposition 4.4, we obtain the result as follows. 

Theorem 4.5. Let (72, n) denote a Noetherian local ring with maximal ideal n, 
infinite residue k = R/n, and an n-primary ideal J, and I±, . . . , I s ideals of R such 
that I — Ii ■ ■ • I s is non nilpotent. Then the following statements hold. 

(i) e(jt feo+1 ^, 7{ fcl ', . . . , 7] fes '; R) ^ if and only if there exists a superficial sequence 
Xi, . . . , x t of (Ii, . . . , 7 S ) with respect to J consisting of k\ elements of . . , 
k s elements of I s and dim7?/(xi, . . . ,xt) '■ 7°° = dim 77/0 : 7°° — t. 

(ii) Suppose that e( j[ fe ° +1 l, if l] , . . . , 7| fesl ; R) ^ and superficial se- 
quence of (7 1? . . . , I s ) with respect to J consisting of k\ elements of I\,. . . , k s 
elements of I s . Set R — R/(xi, . . . , x t ) : 7°°. Then 

e(J^ 1 \l^\...,ll k ^R) = e(J ] R). 

Remark 4.6. Return to Theorem 1.4 in [TV], assume that 

(e 1 , . . . , £ m )-superficial sequence for J, 7 l5 . . . , 7 S as in [TV]. 

Then superficial sequence of (7i, . . . , 7 S ) with respect to 7 by Remark 

4.3 (ii). Hence Theorem 4.5 covers the main result of Trung and Verma [TV]. 
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The notion of superficial elements goes back to P. Samuel [ZS]. The classical 
theory of superficial elements is an important tool in local algebra and has been 
continually developed (see e.g. [K],[HS], [RV]). Recall that x is called an /^-superficial 
element of R with respect to (J l5 . . . , I s ) if x e Ii and there exists a non- negative 
integer c such that 

. . .7^+1 . . . x ) pj/m . . ./c . . = j«i . . ./«. 

for all rii > c and for all non-negative integers ni, . . . , rij_i, rij+i, . . . , n s . 

Remark 4.7. Let J = J be an n-primary ideal. It can be verified that if x is an 
/j-superficial element of R with respect to (J, ii, . . . , J s ) then 

( jn+ljm . . . jn l+ l . . . jn s . ^ p| jnjm . . . jn s = jn+ljni . . . jn. 

for n, ni,...,n s ^> 0. Indeed, since J is n-primary, there exists u > c such that 
If 1 C J J? for all m > u. Consequently, J™/™ 1 • • • J" s C J n+1 / 1 ni • • • if • • • 1^ for all 
rii > u. Since 

(jnjm . . . jn i+ l . . . jn, . ^ p| jnjm . . . jc . . . jn s = jnjm . . . jn s ^ 

it follows that 



C ( J n+1 / 1 ni • • • If 1+1 • • • 1^ : x) fl J n+1 IT ■ ■ ■ It ■ ■ ■ IT 

"~ % s 



= j n+1 / 1 ni • • • if • • • r s 

for all rii > So 

( jn+ljm . . . jn l+ l . . . jn s . ^ p| jnjm . . . jn s = jn+ljni . . . jn s 

for all n, ni, . . . , n s 0. Hence if x is an /^-superficial element of R with respect to 
(J, ii, . . . , / s ) then x satisfies the condition (i) of a superficial element of (Ji, . . . , I s ) 
with respect to J. Now we need to prove that if I\,...,I S are n-primary, then x 
satisfies also the condition (ii) of a superficial element of (7i, . . . , I s ) with respect to 
J. Indeed, by [HS, Lemma 17.2.4], 

for all n, ni, . . . , n s ^> 0. Multiplying the last equation by x yields 

jnjm . . . jn s p|^ = ^ jnjm . . . jn^l . . . ; n s 

for n, ni, . . . ,n s >> 0. Hence x satisfies the condition (ii) of a superficial element of 
(ii, . . . , J s ) with respect to J. So if Ji, ... , I s are n-primary and x is an /^-superficial 
element, then x is a superficial element of (7i, . . . , I s ) with respect to J. 
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Remark 4.8. Let J = I , Ii, . . . , I s be n-primary ideals and x an /^-superficial 
element. Then 

dimR/(x) : 7°° = &imR/(x) = dimi? - 1 

and for any e( if l] , . . . , l\ ks] ; R) with (jfe + fci + • • • + k s = dim.R-1 = d-1), 
there exist X\, . . . , x n , . . . , x d of R consisting of k\ elements of I\, . . . , hi elements of 
Ii, . . . ,k s elements of I s , x n+1 , . . . , x^ are k + 1 elements of J such that sequence 
x\, . . . , Xd is a superficial sequence. Hence by Proposition 4.4(iii), 

e( jM/f 1] , • • • , 4 fca U) = e( JW, If, . . . , JM; R), 
where R — R/(xi, . . . , x^-i), J = JR, h = I\R, . . . ,I S — I S R. Since dimi? = 1, 

by [HS, Theorem 17.4.6]. Since x±, . . . ,xa is an n-filter-regular sequence, 
, ( R \ i ( (x 1 ,...,x d _ 1 ) : x d \ 

\{Xi, . . . ,X d ) J \ [Xi, . . . , X d -i) J 

by [AB]. So we get the result of Risler and Teissier in [Te]. 



Finaly, from the above content we would like to give the following conclusion. 

Remark 4.9. It should be noted that all results of this section still are true if the 
condition (ii) of Definition 4.2 is replaced by the condition: 

(x) p| J no ■■■IT'-- IT = xl ni ' ■ ■ ■ IT' 1 ■ ■ ■ J T (mod V 0+1 ■■■IT-" !T) 
for no, n\, . . . , n s ^> (see Remark 4.1). 
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